
Vol.:(0123456789)

Appl Magn Reson           (2026) 57:41 
https://doi.org/10.1007/s00723-026-01862-8

RESEARCH

SPIRiT Regularization: Parallel MRI with a Combination 
of Sensitivity Encoding and Linear Predictability

Nicholas Dwork1   · Alex McManus2 · Stephen Becker2 · Gennifer T. Smith3

Received: 28 January 2026 / Revised: 19 May 2026 / Accepted: 10 July 2026 
© The Author(s), under exclusive licence to Springer-Verlag GmbH Austria, part of Springer Nature 2026

Abstract
This manuscript presents a novel combination of technologies that yield images of 
improved quality for accelerated Magnetic Resonance Imaging (MRI). Two estab-
lished methods for accelerating MRI include parallel imaging and compressed sens-
ing. Two types of parallel imaging include linear predictability, which assumes that 
the Fourier samples are linearly related, and sensitivity encoding, which incorpo-
rates a priori knowledge of the sensitivity maps. In this work, we combine com-
pressed sensing with both types of parallel imaging using a novel regularization 
term: SPIRiT regularization. For a given number of samples, the images recon-
structed with SPIRiT regularization are improved over those reconstructed without 
it. We demonstrate these improvements on data of a knee, a brain, and an ankle.

1  Introduction

Magnetic Resonance Imaging (MRI) is a Fourier sensing modality, meaning the 
data are collected in the spatial frequency domain. MRI images without any ion-
izing radiation and presents excellent contrast between soft tissues. However, com-
pared to other imaging methods, such as x-ray computed tomography (CT) or ultra-
sound, which offer comparable resolution, MRI is slow to collect data. Whereas an 
unaccelerated 3D MRI scan for a volume 25 × 25 × 25 cm3 will require >5 min, the 
same volume can be imaged with CT in <10 s. Its slow scan time makes the cost of 
each imaging study high and may necessitate the use of anesthesia for those patients 
who have difficulty remaining still (e.g., pediatric subjects or subjects in pain). One 
approach to accelerating MRI is to reduce the number of data samples collected. 
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The accompanying challenge is to reconstruct a high-quality image from those fewer 
data collected. Established technologies for accelerating MRI in this way include 
partial Fourier sampling [1–4], parallel imaging [5–7], compressed sensing [8–10], 
and incorporating knowledge of the object’s support [11–14]. Parallel imaging, 
which takes advantage of multiple sensing coils with distinct sensitivity profiles, is 
now a mainstay clinical method for reducing scan time.

There are two main lines of research on parallel MRI: linear predictability and 
sensitivity encoding. Parallel Imaging with Linear Predictability (PILP) assumes 
that each Fourier value is equal to a linear combination of nearby Fourier values 
[15–18]. Sensitivity encoding incorporates a priori knowledge of the coils’ sensi-
tivity maps into the reconstruction [6, 19–21]. Sensitivity encoding methods often 
reconstruct the image by numerically solving an optimization problem that requires 
coil sensitivities [22]. A common method for estimating sensitivity maps is ESPIRiT 
[23], which is equivalent to PISCO [24].

ESPIRiT is an extremely successful technique (available through the BART 
software package [25]) which was described as a method “where SENSE meets 
GRAPPA" [23]; SENSE was an early sensitivity encoding method [19] that 
reconstructed the image by applying the pseudoinverse of the system matrix, and 
GRAPPA was an early PILP method [16]. This description is fitting: ESPIRiT lever-
ages the assumptions of PILP to estimate sensitivity maps, which are then used to 
reconstruct the image through a sensitivity encoding approach. The estimated sensi-
tivity maps implicitly encode linear predictability.

The acceleration rates achievable for parallel MRI with pseudoinverse-based 
methods are limited by the condition of the system matrix. Higher acceleration 
requires incorporating additional prior information into the reconstruction. Com-
pressed sensing employs an �1 penalty on sparsifying transform coefficients, per-
mitting higher acceleration while still reconstructing high quality images. While 
compressed sensing is has been combined with linear predictability and sensitivity 
encoding separately, it has yet to be combined with sensitivity encoding and linear 
predictability into a single reconstruction method.

Since sensitivity encoding reconstructions enforce data consistency (i.e., agree-
ment with measured Fourier samples), the reconstruction implicitly enforces SPIRiT 
self-consistency at the sampled k-space locations [18]. However, data consistency 
alone does not constrain SPIRiT self-consistency at unsampled frequencies, where 
the solution is determined by the choice of regularization and the effective nullspace 
of the forward model. In this manuscript, we make this distinction explicit and intro-
duce SPIRiT regularization, which enforces SPIRiT self-consistency across the 
entirety of k-space, complementing the implicit enforcement that arises from data 
consistency. We demonstrate that adding this regularization into a parallel imaging 
and compressed sensing (PICS) reconstruction system improves image quality com-
pared to PICS alone.
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2 � Methods

For this work, we are assuming that data is collected on a Cartesian grid with two 
dimensions of phase encodes and one dimension of readout, and with all readout 
lines parallel to each other. (This assumption is not necessary; future work will 
investigate non-Cartesian 3D data collection trajectories.) The data is fully sampled 
along the readout direction and undersampled in the phase encoded dimensions. 
After data collection, an inverse Fourier transform is applied along each readout line 
to place the data into the hybrid (kx, ky, z) domain [26]. Once in the hybrid domain, 
each slice can be reconstructed independently; that is the approach we will take here.

SPIRiT [27] makes the fundamental assumption of PILP: any Fourier value 
equals a linear combination of nearby Fourier values with linear coefficients that 
are invariant across the frequency domain. In [17], Haldar et al. provide a necessary 
and sufficient condition for when PILP is accurate. While valuable, it is difficult to 
relate this condition to the physical system. In [18] it was shown that PILP is accu-
rate when there exists a linear combination of the coils’ sensitivities such that the 
result is a complex exponential. More specifically, consider the set of c = 1, 2,… ,C 
coils. PILP accurately interpolates the Fourier value for coil � at spatial frequency 
k = (kx, ky) whenever there exists a d = (dx, dy) where the Fourier value at k + d is 
known and there exist coefficients n(d) ∈ ℂ

C such that

where S(�) is the sensitivity of the �th coil and n(�)(0) = 0.
SPIRiT uses a fully-sampled auto-calibration region (ACR) to estimate the opti-

mal linear coefficients W for a set of directions that lie within a kernel. Since the 
coefficients do not vary across the frequency domain, the process of interpolation 
can be expressed as sum of convolution operations:

where m ∈ ℂ
U×V represents the image, F represents the Discrete Fourier Transform 

([DFT] – as defined in App. A), ⊛ represents circular convolution, and W(c)

(�)
 is the 

kernel for interpolating the �th coil’s Fourier values. Since the sum of convolutions 
is a linear transformation, Eq. (2) can be expressed as

where W (�) k =
∑C

c=1
W

(c)

(�)
⊛ k . The values of W (�) are determined by solving the 

following least-squares optimization problem:

(1)
C∑
c=1

n(c)(d) S(c)(x, y) ≈ ei(dx x+dy y)S(�)(x, y),

(2)FS(�)m =

C∑
c=1

W
(c)

(�)
⊛ FS(c)m,

(3)
(
W (�) − I

)
F S(�) m = 0,

(4)minimize
W (�)

‖‖‖W
(�) ∗ kACR − kinterior(ACR)

‖‖‖2.
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Here, ∗ represents convolution and kACR is a vector of the Fourier values of the spa-
tial frequencies located within the ACR. Problem Eq. (4) is a least-squares problem 
that can be solved with LSQR, which avoids explicitly forming the large matrix. 
Note that we are using convolution instead of circular convolution and we are elimi-
nating any values from the comparison where the kernel W (�) extends outside of the 
ACR by restricting the objective to those values on the interior of the ACR. See [18] 
for further details.

2.1 � Problem Setup

An image can be reconstructed with parallel imaging and compressed sensing by 
solving the Lagrangian form of a basis pursuit denoising optimization problem [28]:

Here, ‖ ⋅ ‖p is the �p norm, S =
(
S(1), S(2),⋯ , S(C)

)
 is a block-column matrix 

where each block element represents multiplication by a coil’s sensitivity map, 
F = diag(F,F,⋯ ,F) is a block-diagonal matrix that performs the DFT on each 
modulated image,

M = diag(M,M,⋯ ,M) is a block-diagonal matrix where M is the data sam-
pling mask that isolates the values for those frequencies that were collected, 
b =

(
b(1), b(2),⋯ b(c)

)
 is a complex block-column vector where b(c) is the vector of 

data collected by the cth coil, 𝜈 > 0 is the compressed sensing regularization param-
eter, and Ψ is a sparsifying transformation. The optimization variable m is a complex 
vectorized image (i.e., the columns of the image are concatenated into a single vec-
tor). For this work, we use the Daubechies-4 discrete wavelet transformation as the 
sparsifying transformation [29].

Equation 3 is of the form that could be included as a regularization function in 
an optimization problem. The motivation for adding the SPIRiT term is that PICS 
and SPIRiT encode complementary prior information. The PICS data-consistency 
term enforces agreement with the measured samples, while the wavelet penalty pro-
motes sparsity of the reconstructed image in the transformed domain. However, nei-
ther term explicitly enforces the multi-coil k-space self-consistency relations learned 
from the autocalibration region. This leaves the missing k-space values determined 
only indirectly by the wavelet sparsity prior. SPIRiT regularization addresses this 
specific gap. The SPIRiT kernels estimate coil-to-coil linear predictability rela-
tions from the fully sampled autocalibration region. Adding the regularization term 
in enforces these learned relations throughout k-space, including at unsampled 
locations. 

Note that Eq. (3) is true in the ideal case where Eq. (1) is perfectly satisfied; i.e., 
where the linear combination of sensitivity maps equals the �th sensitivity modu-
lated by a perfect complex exponential. However, it is unlikely that this is exactly 
the case. Instead, the right-hand side of Eq. (3) will be nonzero, but small. With 
this understanding, parallel imaging with sensitivity encoding can be combined with 
PILP and compressed sensing as the following optimization problem:

(5)minimize
m

(1∕2)‖MFSm − b‖2
2
+ �‖Ψm‖1.



SPIRiT Regularization: Parallel MRI with a Combination of… Page 5 of 19     41 

The new regularization term in Eq. (6) is SPIRiT regularization. It provides a prin-
cipled extension to PICS by explicitly enforcing multi-coil self-consistency, a struc-
ture inherent to parallel MRI that is not otherwise enforced by the standard formula-
tion. Note that the data consistency term enforces agreement with measured samples 
only on the sampling mask M. When the sensitivity maps satisfy linear predictability 
(as when they are estimated by ESPIRiT or PISCO), this implies an implicit enforce-
ment of SPIRiT self-consistency at sampled k-space locations. SPIRiT regulariza-
tion (SR) explicitly enforces self-consistency at unsampled frequencies as well.

In problem (6), ‖ ⋅ ‖� ,2 is the weighted �2 norm, and �s ≥ 0 is the spirit regulariza-
tion parameter.1 The weighted �2 norm is defined as follows:

The value of � is used to balance the terms of the objective function and bring the 
appropriate value for �s closer to 1; it is set to the square root of the ratio of matrix 
induced norms:

In Eq. (6), without using a weighted norm (i.e., � = (1, 1,… , 1) ), the optimization 
algorithm could make the errors for large frequencies as large as the errors for small 
frequencies to yield an optimal solution. Since the magnitudes of Fourier values 
of natural images decrease with increasing frequency,  as a percentage of the true 
Fourier magnitudes, these errors would be a much larger percentage of the Fourier 
values in the higher frequencies than in the lower frequencies. To mitigate this out-
come, we alter the weights of the weighted norm.

The magnitude spectrum of natural images (without noise) for frequencies other 
than 0 tends to follow a power law [33–35]. (The power law would predict infinite 
power for the 0 frequency, which is never valid for natural images.) We will weight 
the norm with the inverse of a fit based on the power law. To accommodate the pres-
ence of noise, we will independently fit small frequencies (those with magnitude 
greater than 0 and less than 0.1) and large frequencies (those with magnitude greater 
than 0.1) to a power law and then take the maximum of the fit, as follows:

(6)

minimize
m

(1∕2)‖MFSm − b‖2
2
+ �‖Ψm‖1 +

�s

2�

C�
c=1

���
�
W (c) − I

�
F S(c) m

���
2

� ,2
.

‖x‖� ,2 =
�

�1�x1�2 + �2�x2�2 +⋯ + �N�xN�2.

� =

�������diag
��
W (1) − I

�
F S(1),

�
W (2) − I

�
F S(2),… ,

�
W (C) − I

�
F S(C)

����
‖MFS‖ .

P(k) = max
(
mL ⋅ |k|−pL ,mH ⋅ |k|−pH).

1  Note that in this formulation, we are assuming that the samples collected are located on a Cartesian 
grid. If this were not the case, then MF would be replaced with a non-uniform DFT [30–32]
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To identify the low and high scaling coefficients mL and mH , and the corresponding 
exponents pL and pH , we use the Levenberg-Marquardt optimization algorithm [36] 
to find the values that minimize the �2 norm of the difference between P(k) and |b(k)| 
for all collected spatial frequencies. To identify the value of the fit at k = 0 , we fit a 
line to a small number of points surrounding the 0 frequency. Once the fit is com-
plete, the values of � are set to the inverse of the fitted values:

This weighting ensures that the errors in the high frequencies are much smaller than 
those in the low frequencies, commensurate with the magnitude of the Fourier val-
ues. Reconstructing an MR image by solving problem (6) with weights determined 
according to Eq. (7) is parallel imaging with compressed sensing and SPIRiT regu-
larization (PICS+SR).

2.2 � Solving the Optimization Problems

The optimization problem of (6) can be solved with the Fast Iterative Shrinkage 
Thresholding Algorithm (FISTA) [37]. Specifically, we will use FISTA with line 
search as detailed in [38]. FISTA solves problems of the form

where G is convex and differentiable, and H is proper, convex, and lower semicon-
tinuous with a computationally feasible proximal operator, defined as follows:

As an example, consider the PICS problem of (5). Let G(m) = (1∕2)‖MFSm − b‖2
2
 

and let H(m) = �‖Ψm‖1 . Then G is differentiable, H has a simple proximal operator 
when Ψ is a tight frame, and problem (8) is the PICS problem, which can now be 
solved with FISTA. The proximal operator of H is soft-thresholding applied to the 
wavelet coefficients of m [39]. We let Ψ be the discrete Daubechies-4 wavelet trans-
form, which is orthogonal (and, therefore, tight frame), so H has a simple proximal 
operator.

If we instead define 

G(m) = (1∕2)‖MFSm − b‖2
2
+ (�s∕2)

∑C

c=1

���
�
W (c) − I

�
F S(c) m

���
2

� ,2
 with the same 

definition of H, then G is differentiable and Eq. (8) becomes the PICS+SR problem 
of (6), which can be solved with FISTA.

(7)�i = P(ki)
−1 = min

(|ki|pL
mL

,
|ki|pH
mH

)
.

(8)minimize G(y) + H(y),

proxtH(x) = argmin
v

H(v) +
1

2t
‖x − v‖2

2
.
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3 � Experiments

We demonstrate the effectiveness of the proposed algorithm on MRI data of a knee 
(made public through mridata.org [40]), and a brain and an ankle (made public with 
[41]); all images were size 256 × 256 . For these results, each dataset was scaled 
so that its maximum magnitude was 1. The sensitivity maps were identified with 
PISCO [24]. Figure 1 shows the fully-sampled reconstructions.

All data were collected with 3DFT trajectories; i.e., the samples were located on 
a Cartesian grid and there were two dimensions of phase encoding with one dimen-
sion of readout. To assess the quality that could be attained with accelerated MRI, 
the data was retrospectively downsampled according to a variable density Poisson 
disc sampling pattern that included a fully-sampled region centered on the 0 fre-
quency – the autocalibration region (ACR) – generated according to [42]. The size 
of the ACR was determined according to the two-level sampling pattern of [43] and 
was used in [41, 44, 45]; with the four scales that we used for the wavelet transfor-
mation for this work, the size of the finest scale and the size of the ACR is 16 × 16 . 
The sampling patterns for the different sample fractions studied in this manuscript 
are shown in Fig. 2.

To quantify image quality, we compare the reconstructed image to the fully-
sampled reconstruction: the result of solving problem (5) with � = 0 without any 

Fig. 1   Fully-sampled reconstructions of the brain, knee, and ankle images analyzed in this work

Fig. 2   The sampling patterns used in this work ranging from sample fractions of 0.15 to 0.35 where a 
white spot indicates a sample that was collected and a black spot indicates a sample that was not. The 
white numbers indicate the fraction of all samples that were collected. The white square in the middle is 
the auto-calibration region (ACR)
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downsampling. We compute the Structural Similarity Index Measure (SSIM) [46] 
between the magnitude of the reconstructed image and the fully-sampled reconstruc-
tion, and we compute the peak signal-to-noise ratio (PSNR) between the two com-
plex images [47].

4 � Results

Images were reconstructed for all combinations of values of � ∈ {0.01, 0.1, 1, 10} 
and �s ∈ {0.1, 0.5, 1, 2, 4, 5, 10} . Results for the reconstructions that yielded the 
highest value of SSIM are reported here. Quality metric values for all three data-
cases—the brain, knee, and ankle—are shown in Table 1. For all results, the opti-
mization algorithm was run for 1000 iterations; the difference in objective value 
between 500 and 1000 iterations was negligible (data not shown), indicating 

Table 1   Quality metric values

Quality metric values for reconstructions using parallel imaging and 
compressed sensing (PICS) and PICS with SPIRiT regularization 
(PICS+SR). The best reconstruction with respect to each metric is 
underlined

Dataset Metric Sample fraction PICS PICS+SR

Brain SSIM 0.35 0.966 0.967
0.3 0.962 0.964
0.25 0.959 0.959
0.2 0.952 0.952

PSNR (dB) 0.35 40.15 40.24
0.3 39.60 39.69
0.25 39.06 39.15
0.2 38.38 38.47

Knee SSIM 0.35 0.800 0.814
0.3 0.779 0.796
0.25 0.750 0.772
0.2 0.721 0.747

PSNR (dB) 0.35 29.67 30.42
0.3 29.12 29.93
0.25 28.49 29.30
0.2 27.89 28.67

Ankle SSIM 0.35 0.974 0.975
0.3 0.970 0.971
0.25 0.966 0.967
0.2 0.960 0.961

PSNR (dB) 0.35 40.74 40.83
0.3 39.94 40.03
0.25 39.06 39.16
0.2 37.95 38.06
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convergence. Incorporating our novel SPIRiT regularization consistently improved 
both SSIM and PSNR .

Figure 3 shows reconstructions of the ankle with and without SPIRiT regulariza-
tion (SR) for several different sampling fractions. As expected, the image quality of 
PICS and PICS+SR improves with sample fraction. For all sample fractions, the 
inclusion of SPIRiT regularization improves the image quality. The improvement in 
image quality when using SPIRiT regularization is subtle and presents as a general 
reduction in the noise across the image (rather than an improvement in any localized 
structural features). The improvement with SPIRiT regularization is more significant 
at lower sample fractions.

Figure 4 shows the reconstructions of the knee with a 0.30 sample fraction with 
the magnitudes of the differences multiplied by 8. The difference images show the 
improvement gained by including SPIRiT regularization in the reconstruction.

Figure 5 shows the reconstructions of the brain with a 0.20 sample fraction along 
with the magnitudes of the differences multiplied by 8. The improvement in the 
brain with SPIRiT regularization is more subtle than that of the knee, as can be seen 
in the difference images.

Fig. 3   Reconstructions of the ankle for several different sampling fractions. The first and third rows show 
the reconstructions with parallel imaging and compressed sensing (PICS), and PICS with SPIRiT regu-
larization, respectively. The second and fourth rows show the magnitude of the difference images multi-
plied by 8. The PSNR in decibels for each reconstruction is also presented in white
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Fig. 4   Reconstructions of the knee with a 0.3 sample fraction using parallel imaging and compressed 
sensing (PICS) and PICS with SPIRiT regularization (SR). The second row shows the magnitudes of the 
differences between the under-sampled reconstructions and the fully-sampled reconstructions multiplied 
by 8. The PSNR in decibels for each reconstruction is also presented in white

Fig. 5   Reconstructions of the brain with a 0.2 sample fraction using parallel imaging and compressed 
sensing (PICS), PICS with SPIRiT regularization (SR). The second row shows the magnitudes of the dif-
ferences between the under-sampled reconstructions and the fully-sampled reconstructions multiplied by 
8. The PSNR in decibels for each reconstruction is also presented in white
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5 � Conclusion

When combined with PICS, SPIRiT regularization improves image quality over the 
use of PICS alone. The improvement is more significant at lower sample fractions. 
In these experiments, sensitivity maps were estimated with PISCO (which is equiva-
lent to ESPIRiT) and, therefore, incorporates linear predictability into the sensitivity 
model. As a result, the data consistency term already implicitly enforces SPIRiT 
self-consistency at sampled k-space locations. SPIRiT regularization complements 
this by explicitly enforcing self-consistency at unsampled frequencies, yielding a 
subtle, but consistent improvement. Importantly, the only change comes in the form 
of the reconstruction algorithm; the process of data collection remains the same. 
Thus, this improvement comes without any additional scan time or modifications to 
the clinical workflow.

In all cases, for both PICS and PICS+SR, the � and � values that yielded the opti-
mal PSNR values were 0.1 and 0.5. This suggests that we could use the same values 
for new datasets and expect a high quality reconstruction. However, a study of much 
more data would be required to make such a conclusion.

For this work, we investigated an additional modification where knowledge of 
the support was included in the reconstruction process; our approach is detailed in 
App. B. The support is the set of pixels that image anatomy. While inclusion of the 
support did not improve image quality significantly in this work, in past work, it 
was shown that the sampling pattern could be reduced using the support alone [14]. 
Thus, it may be more beneficial to incorporate knowledge of the support with some-
thing other than a variable density Poisson disc sampling pattern; perhaps a variable 
density subsampling of the pattern presented in [14] would be more appropriate. 
Separately, the method of [24] identifies a conservative superset of the support. In 
particular, for the knee, only a small portion of the region outside of the knee is 
excluded from the support (see Fig. 6 in App. B). A different method that identifies 
more of the region outside of the support (i.e., outside of the anatomy) may improve 
the effect of including the support in the reconstruction method. We will explore 
these ideas in future work.

Based on the previous understanding provided in [18], SPIRiT regularization is 
appropriate when the sensitivity maps linearly combine into complex exponentials. 
This is more likely to be the case when a larger number of smaller coils are used for 
sensing.

This work presented results with 3DFT trajectories, which allowed for separate 
reconstructions of each slice in the volume. However, there is nothing inherent in 
this method that requires 3DFT trajectories. Future work will analyze SPIRiT regu-
larization in the context of non-Cartesian trajectories and/or dynamic imaging.

In this work, we fixed the number of iterations of the optimization algorithms to 
1000. Rather than having a fixed number of iterations for each optimization algo-
rithm, it may be beneficial to include a dynamic stopping criteria that would auto-
matically stop the optimization algorithms when close to convergence. This could 
reduce the time to reconstruct the image without any reduction in image quality. 
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Table 2   Quality metric values

Quality metric values for reconstructions using parallel imaging and compressed sensing (PICS), PICS 
with SPIRiT regularization (SR), PICS with the support ( Ω ), and PICS with SPIRiT regularization as 
well as the support. The best reconstruction with respect to each metric is underlined

Dataset Sample fraction Metric PICS PICS+SR PICS+Ω PICS+SR+Ω

Brain 0.35 SSIM 0.966 0.967 0.967 0.967
0.30 0.962 0.964 0.963 0.964
0.25 0.959 0.959 0.959 0.959
0.20 0.952 0.952 0.952 0.952
0.35 PSNR (dB) 40.15 40.24 40.15 40.24
0.30 39.60 39.69 39.60 39.69
0.25 39.06 39.15 39.06 39.15
0.20 38.38 38.47 38.38 38.47

Knee 0.35 SSIM 0.800 0.814 0.800 0.814
0.30 0.779 0.796 0.779 0.7964
0.25 0.750 0.772 0.750 0.772
0.20 0.721 0.747 0.721 0.746
0.35 PSNR (dB) 29.66 30.42 29.66 30.42
0.30 29.12 29.93 29.12 29.92
0.25 28.49 29.30 28.49 29.30
0.20 27.89 28.67 27.89 28.66

Ankle 0.35 SSIM 0.974 0.975 0.974 0.975
0.30 0.970 0.971 0.970 0.971
0.25 0.966 0.967 0.966 0.967
0.20 0.960 0.961 0.960 0.961
0.35 PSNR (dB) 40.74 40.83 40.74 40.83
0.30 39.94 40.03 39.94 40.03
0.25 39.06 39.16 39.06 39.16
0.20 37.95 38.06 37.95 38.06

Fig. 6   The support regions identified with PISCO for the brain (left), the knee (center), and the 
ankle (right)
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However, this would likely include an additional parameter for the threshold at 
which to stop the iterations. Again, we will investigate this approach in future work.

Other future efforts will alter the optimization problem presented in this manu-
script to incorporate partial Fourier sampling [3], similar to [4], and structured spar-
sity [41, 44, 45].

Fig. 8   Reconstructions of the brain with a 0.2 sample fraction using parallel imaging and compressed 
sensing (PICS), PICS with SPIRiT regularization (SR), PICS with the support ( Ω ), and PICS with 
SPIRiT regularization as well as the support. The second row shows the magnitudes of the differences 
between the under-sampled reconstructions and the fully-sampled reconstructions multiplied by 8. The 
PSNR for each reconstruction is also presented in decibels

Fig. 7   Reconstructions of the knee with a 0.3 sample fraction using parallel imaging and compressed 
sensing (PICS), PICS with SPIRiT regularization (SR), PICS with the support ( Ω ), and PICS with 
SPIRiT regularization as well as the support. The second row shows the magnitudes of the differences 
between the under-sampled reconstructions and the fully-sampled reconstructions multiplied by 8. The 
PSNR for each reconstruction is also presented
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Discrete Fourier Transform

The definition of the two-dimensional discrete Fourier transform F used in this man-
uscript is

The inverse Discrete Fourier transform is

where x̂ = F x.

Inclusion of the Support

The process of clinical MRI consists of 1) reconstructing a low-resolution local-
izer image to ensure the patient is properly positioned in the bore and from which 
the technologist selects the field-of-view ([FOV] - the volume of space to image 
with high fidelity), and 2) reconstruct a high-quality image for the volume within 
the FOV from a second set of collected data. Conventionally, the FOV selected 
by the technologist has been a rectangle. However, the system could be altered so 
that the technologist could indicate the support of the object to be imaged (i.e., a 

F x =

U−1∑
u=0

V−1∑
v=0

xu,v exp

(
−i 2�

(
ku u

U
+

kv v

V

))
.

F−1 y =
1

UV

U−1∑
ku=0

V−1∑
kv=0

x̂u,v exp

(
i 2𝜋

(
ku u

U
+

kv v

V

))
,

Fig. 9   Reconstructions of the ankle with a 0.2 sample fraction using parallel imaging and compressed 
sensing (PICS), PICS with SPIRiT regularization (SR), PICS with the support ( Ω ), and PICS with 
SPIRiT regularization as well as the support. The second row shows the magnitudes of the differences 
between the under-sampled reconstructions and the fully-sampled reconstructions multiplied by 8. The 
PSNR for each reconstruction is also presented in decibels
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non-rectangular region that contains the object). The FOV would then be the small-
est rectangle that contains this support. Alternatively, an automatic system—such 
as PISCO [24]—could identify the non-rectangular support from the data used to 
reconstruct the localizer image. The support, which encloses a smaller volume than 
the FOV, could require less data to reconstruct a high-quality image [14].

Let the support of the image be the set of those locations in space where the true 
image (without noise) is non-zero. Let Ω be a superset of the support. In past works, 
this superset has been used to improve image quality for a given number of samples 
[12]. Let TΩ̄ be the linear transformation that extracts those pixels outside of the 
support Ω and arranges them into a vector. (Here, Ω̄ is the complement of the set of 
pixels within the support.) Then, problem (6) is modified to include the support as 
follows.

Here, |Ω̄| is the number of elements in Ω̄ , and �2 is a bound on the average energy 
for those pixels outside of the support. Unlike the regularization parameters � and �s , 
�2 can be estimated from data by computing the sample variance of an image recon-
structed from data captured during an acquisition without any excitation.

The optimization problem of (9) can be solved with the primal-dual hybrid gra-
dient (PDHG) method [48]. Specifically, we will use PDHG with line search, as 
detailed in [49]. PDHG solves problems of the form

where V and W are both proper, convex, and lower semicontinuous (PCLSC) with 
computationally feasible proximal operators and A is a linear transformation.

To put the problem (9) is put in the form of Eq. (10), first note that Eq. (9) is 
equivalent to

where B
�
0,
√
� �Ω�

�
 is the closed ball centered on 0 with radius 

√
� �Ω� . The func-

tion �Q(⋅) is the indicator function for the set Q: equal to 0 when its argument is 
within the set and otherwise equal to infinity.

Let V(m) = ‖Ψm‖1,

(9)

minimize
m
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and

It has already been established that V is PCLSC with a simple proximal operator. 
Similarly, W is PCLSC. Since each term in the sum of W has a simple proximal 
operator, and since each term operates on different components of y, W has a sim-
ple proximal operator by the separable sum property of proximal operators. There-
fore, problem (10) is equivalent to Eq. (11) which can be solved with PDHG (See 
Table 2).

For this work, since data collected without excitation was unavailable, �2 was 
estimated using the sample variance of a region of the fully-sampled reconstruction 
that was outside of the anatomy. For this work, the support regions were identified 
with PISCO [24]; they are shown in Fig. 6.

In all cases, the difference in metric value when including the support is 
extremely small (and perhaps negligible). With respect to PSNR, the inclusion of 
the support improves the outcome in the majority of reconstructions. With respect to 
SSIM, though, the inclusion of the support yields the best metric value in only half 
of the reconstructions.

Figure  7 shows reconstructions of the knee with a sample fraction of 0.3, and 
figures 8, and 9 show the reconstructions of the brain and ankle with a 0.20 sam-
ple fraction for the four different reconstruction methods along with the magnitudes 
of the differences from the fully-sampled images multiplied by 8. The difference 
images indicate that the improvement in image quality when including the support 
is negligible.

Note that problem (9) contains a differentiable term, making it amenable to being 
solved with the Condat-Vu algorithm [50] or with PD3O [51]. Should a sampling 
pattern or support region selection system be discovered that improves image quality 
when incorporating the support, these alternatives to PDHG may converge to a high-
quality solution faster.
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