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Abstract
The primal–dual hybrid gradient method (PDHG) is a versatile optimization method 
commonly used for large optimization problems, including image reconstruction. 
With standard PDHG, there are three user-set parameters and performance of the 
algorithm is highly sensitive to their values. Toward a parameter-free algorithm, 
we combine two existing line search methods. The first, by Malitsky et al. [1], is 
over two of the step sizes in the PDHG iterations. We then use the connection be-
tween PDHG and the primal–dual form of Douglas–Rachford splitting to construct 
a line search over PDHG’s relaxation parameter. We demonstrate the efficacy of the 
combined line search on multiple problems, including a novel inverse problem in 
magnetic resonance image reconstruction. The method presented in this manuscript 
is the first parameter-free variant of PDHG. Across all numerical experiments, there 
were no changes to line search hyperparameters.
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1  Introduction

Large convex optimization problems with non-smooth objective functions are com-
mon in image reconstruction. Proximal algorithms are effective methods commonly 
used to solve these problems [2]. Examples include the Alternating Direction Method 
of Multipliers [3], the Douglas Rachford method [4], and the Fast Iterative Shrinkage 
Thresholding Algorithm (FISTA) [5]. This manuscript is focused on the primal–dual 
hybrid gradient method (PDHG) [6], which is an extremely versatile algorithm capa-
ble of solving a wide array of problems. PDHG is a first-order proximal algorithm 
capable of solving problems of the form

	
x⋆ ∈ argmin

x∈H
{f(x) + g(Ax)} ,

where H is a Hilbert space, A is a linear operator, and f and g are closed convex 
proper functions.

PDHG can efficiently solve problems that are more general than those that can 
be solved with other proximal splitting methods (e.g., Douglas-Rachford or FISTA) 
because it only requires the proximal operator of g, rather than the proximal opera-
tor of g ◦ A which generally only has a closed form solution when AA∗ is a scaled 
identity.

With standard relaxed PDHG, there are three parameters the user needs to set: two 
step sizes τ  and σ, and a relaxation parameter θ. Convergence is guaranteed when 
τσ∥A∥2 ≤ 1. Therefore, if the spectral norm of A is known or can be estimated, the 
number of parameters that must be chosen by the user can be reduced to two. The 
rate of convergence is highly dependent on the parameter values which makes a line 
search that eliminates user-defined parameters desirable.

Toward that goal, this manuscript presents a combination of two line search tech-
niques over two sets of parameters. Malitsky et al. [1] introduced a line search over 
the proximal step sizes. By using the connection between PDHG and the primal–dual 
formulation of the Douglas-Rachford splitting method (PDDR) [7], we incorporate 
the theory of averaged operator iterations (AOI). AOI admits a line search over 
the relaxation parameter [8]. The remaining user-set parameters are the proximal 
step sizes in PDHG. In general, this can be left as unity, so there are no user-defined 
parameters remaining. This manuscript extends work we previously presented in [9].

Other adaptive methods for PDHG include the adaptive method of Goldstein et 
al. [10] and the preconditioning method of Pock and Chambolle [11]. The adaptive 
method selects optimization parameters for the next iteration based on heuristics of 
the current iteration. It does not automatically determine both the step sizes and the 
relaxation parameter, which is the intent of the method of this manuscript. In this 
manuscript, we focused on line-search techniques, where a parameter search is con-
ducted in each optimization iteration. Notably, when there is sufficient hardware for 
parallel processing (e.g., a Central Processing Unit with multiple processing cores) 
and the inner optimization is parallelizable, then the line-search can occur with neg-
ligible time-penalty when compared to an adaptive method. The preconditioning of 
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[11] is often beneficial and can be applied independently of the parameter selection 
method, which we hope to do in future work.

This paper is organized as follows. Section 2 contains notation and relevant defi-
nitions and facts. Section 3 contains a review of relevant algorithms including the 
two line search algorithms. Section 4 is about the combined line search; its Sect. 4.1 
details convergence thereof. Section 5 shows numerical results on several example 
problems. Section  6 details an application to magnetic resonance imaging (MRI) 
reconstruction, where we introduce a new method that unifies compressed sensing 
with partial Fourier reconstruction via homodyne detection.

2  Preliminaries

2.1  Notation and definitions

We follow standard optimization literature notation conventions; see [12] for fur-
ther background. Let H be a real Hilbert space equipped with inner product ⟨x, y⟩ 
and norm ∥ · ∥ =

√
⟨·, ·⟩. Let Γ0(H) be the set of proper, lower semicontinuous 

convex functions from H → R ∪ {+∞}. Take f ∈ Γ0(H). The domain of f is 
dom(f) = {x ∈ H | f(x) < +∞}. Define as 2H the power set of H, or the set of all 
subsets of the Hilbert space. Let I denote the identity operator.

The Legendre-Fenchel conjugate of function f is f∗ ∈ Γ0(H), given by

	
f∗(x) = sup

y∈H
{⟨x, y⟩ − f(y)} .

Note that if f ∈ Γ0(H), then f∗ ∈ Γ0(H) and f∗∗ = f  [12].
The proximal operator of λf , for any λ > 0 is defined as [2]:

	
proxλf (x) = argmin

u∈H

{
f(u) + 1

2λ
∥u − x∥2

}
.

A set-valued operator A : H → 2H assigns to each x ∈ H a subset of H (or an ele-
ment in 2H). The image of x under A is denoted A(x). If A(x) is a singleton, we write 
A(x) = y instead of A(x) = {y}. The graph of operator A is defined as

	 gr(A) = {(x, y) | y ∈ A(x)} .

The inverse of operator A, denoted A−1, is defined with graph

	 gr(A−1) = {(y, x) |(x, y) ∈ gr(A)} .

For operator A, define left- and right-scalar multiplication as
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	 (λA) (x) = {λy : y ∈ A(x)} , (Aµ) (x) = {y : y ∈ A(µx)} .

The following relationships hold between the graph of A and the graphs of its inverse 
and scalar multiples:

	
gr(A−1) =

[
0 1
1 0

]
gr(A), gr(λAµ) =

[
µ−1I 0

0 λI

]
gr(A).� (1)

Operator A is monotone if

	 ⟨x − x′, y − y′⟩ ≥ 0, ∀(x, y), (x′, y′) ∈ gr(A).

An operator A is maximally monotone if it is both monotone and there are no mono-
tone operators B such that gr(A) ⊂ gr(B).

Let D be a nonempty subset of H and let A : D → H. A is nonexpansive if it is 
Lipschitz continuous with constant 1, or

	 ∥Ax − Ay∥ ≤ ∥x − y∥, ∀x ∈ D, ∀y ∈ D.

A is firmly nonexpansive if

	 ∥Ax − Ay∥2 + ∥ (I − A) x − (I − A) y∥2 ≤ ∥x − y∥2, ∀x ∈ D, ∀y ∈ D.

We say operator A is averaged with constant α if there exists a nonexpansive operator 
R : D → H such that A = (1 − α)I + αR. A is firmly nonexpansive if and only if it 
is 1/2−averaged [12, Remark 4.34].

For a set-valued operator A, define its resolvent as:

	 JλA = (I + λA)−1,

where I is the identity. If A is a monotone operator, its resolvent is firmly nonexpan-
sive. Define the reflected resolvent of A as:

	 RλA = 2JλA − I.

Importantly, if A is maximally monotone then its reflected resolvent is nonexpansive 
[12, Corollary 23.11]. The resolvent and reflected resolvents of A satisfy the follow-
ing identities:

	 JA(x) + JA−1(x) = x, and RA(x) + RA−1(x) = 0.� (2)

Since (γA)−1 = A−1γ−1 for scalar γ (which can be shown directly from the rela-
tionships in (1)),

	 JγA(x) + γJγ−1A−1(x/γ) = x.� (3)
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Let A : H → H be such that AA∗ = αI, where ·∗ denotes the operator’s adjoint. Let 
f ∈ Γ0(H) and let g(x) = f(Ax). Then

	
proxγg(x) = x + 1

α
A∗ (

proxαγf (Ax) − Ax
)

.

The subdifferential of f ∈ Γ0(H) is a set-valued operator ∂f  defined as:

	 ∂f(x) = {ζ ∈ H | f(y) ≥ f(x) + ⟨ζ, y − x⟩ ∀y ∈ H} .

By the definition of the subdifferential, we have x∗ ∈ argmin
x

f(x) if and only if 

0 ∈ ∂f(x∗)—this is known as Fermat’s law [12, Theorem 16.3]. Therefore, for suit-
able functions f ∈ Γ0(H), solving a minimization problem is the same as solving a 
monotone inclusion problem.

Maximal monotone operators are useful for convex optimization because the sub-
differential of any f ∈ Γ0(H) is maximally monotone. Furthermore, the inverse of 
the subdifferential is the subdifferential of the conjugate function:

	 (∂f)−1 = ∂f∗.

An important fact for the convergence of proximal algorithms is that the proximal 
operator of a proper function f ∈ Γ0(H) is the resolvent of the subdifferential:

	 proxγf (x) = (I + γ∂f)−1
x.� (4)

Since the subdifferential of f ∈ Γ0(H) is maximally monotone, (4) is single-valued. 
Letting A = ∂f  for f ∈ Γ0(H) in (3) yields the Moreau identity:

	 proxγf (x) + γ proxγ−1f∗(x/γ) = x.

2.2  The problem

For the remainder of this manuscript, let X  and Y  be real Hilbert spaces. We are 
interested in solving the following (primal) optimization problem:

	
x⋆ ∈ argmin

x∈X
f(x) + g(Ax),� (5)

where f ∈ Γ0(X ) and g ∈ Γ0(Y) have computationally tractable forms of their 
respective proximal operators and A : X → Y  is a linear operator with known adjoint 
A∗ and finite operator norm:

	 ∥A∥ = sup {∥Ax∥ : x ∈ X with ∥x∥ ≤ 1} < +∞.
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The corresponding dual problem to (5) is:

	
y⋆ ∈ argmax

y∈Y
− f∗(−A∗y) − g∗(y).� (6)

Under certain constraint qualifications such as

	 0 ∈ sri (dom(g) − A(dom(f))) ,� (7)

then the duality gap is zero (i.e. strong duality holds) and the set of solutions to (6) is 
nonempty [12, Theorem 15.23]. Here sri(C) is the strong relative interior of a set C 
(see [12, Section 6.2] for more details). In many applications of interest, X  and Y  are 
finite-dimensional. The condition (7) is then satisfied if

	 (ri dom(g)) ∩ A(ri dom(f)) ̸= ∅,� (8)

where ri is the relative interior of a set [12, Proposition 15.24]. The condition (8) is 
easy to show if either f or g is full domain.

The algorithm that is the focus of this manuscript is primal–dual, meaning it is 
applied to the saddle point interpretation of the primal (5) and dual (6) problems:

	
(x̂, ŷ) ∈ argmin

x∈X
argmax

y∈Y
{⟨Ax, y⟩ + f(x) − g∗(y)} .� (9)

More details can be found in, e.g., [6, 12, 13].
The saddle point formulation yields the following optimality conditions, which are 

the starting point for development of primal–dual algorithms:

	
(x̂, ŷ) ∈ X × Y such that

(
0
0

)
∈

(
0 A∗

−A 0

) (
x
y

)
+

(
∂f(x)
∂g∗(y)

)
.� (10)

The Karush-Kuhn-Tucker conditions state that if (x̂, ŷ) is a solution to (10), then x̂ is 
a solution to (5) and ŷ is a solution to (6) [12, Theorem 19.1]. Furthermore, (x̂, ŷ) is 
a solution to (9) [12, Proposition 19.20]. Note that the converse is not true in general 
and the set of solutions to (10) may be empty. Under certain constraint qualifications, 
such as (8), whenever x̂ is a solution to (5) and ŷ is a solution to (6), then (x̂, ŷ) is a 
solution to (10).

3  Algorithms

3.1  Douglas-Rachford splitting

The standard form of Douglas-Rachford splitting (DR) was originally given by Lions 
and Mercier [14] to find zeros of a sum of maximally monotone operators F and G; 
i.e., to find x such that
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	 0 ∈ F (x) + G(x).

The standard version of the algorithm is the fixed point iteration

	
yk+1 = 1

2
yk + 1

2
RγGRγF yk,� (11)

where γ is a positive constant.
This is commonly presented as the following steps:

	

xk+1 = JγF (yk)
wk+1 = JγG(2xk+1 − yk)
yk+1 = yk + wk+1 − xk+1.

If we allow for a relaxation parameter αk ∈ (0, 1), then (11) is altered as follows:

	 yk+1 = (1 − αk)yk + αkRγGRγF yk.� (12)

Equivalently,

	

xk+1 = JγF (yk)
wk+1 = JγG(2xk+1 − yk)
yk+1 = yk + ρk(wk+1 − xk+1),

� (13)

where ρk = 2αk.
Results on the convergence of DR are given in, e.g., [4, 12, 14, 15]. The standard 

assumptions for convergence are the maximal monotonicity of F and G and the exis-
tence of a solution. Using relationship (2) on the second step of the iteration (13) 
yields the iterations for primal dual Douglas-Rachford (PDDR):

	

xk+1 = JγF (yk)
wk+1 = J(γG)−1(2xk+1 − yk)
yk+1 = (1 − ρk)yk + ρk(xk+1 − wk+1).

� (14)

By using relationship (2) applied to the fixed point iteration version of DR in (12), we 
get the fixed point iteration form of PDDR:

	 yk+1 = (1 − αk)yk − αkR(γG)−1RγF yk.� (15)
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3.2  Primal–dual hybrid gradient

The primal–dual hybrid gradient (PDHG) method that solves problems of the form of 
(10) has the following iterations [6, 16]:

	

x̄k+1 = JτkF (xk − τkA∗zk)
z̄k+1 = JσkG−1 (zk + σkA(2x̄k+1 − xk))
xk+1 = xk + αk(x̄k+1 − xk)
zk+1 = zk + αk(z̄k+1 − zk),

� (16)

where F = ∂f , G−1 = ∂g∗ for proper, lower semicontinuous convex functions 
f ∈ Γ0(X ) and g ∈ Γ0(Y), and A : X → Y  is a bounded linear operator with known 
adjoint. Since g ∈ Γ0(Y), g∗ ∈ Γ0(Y) as well. The resolvents JF  and JG−1  are prox-
imal operators of the functions f and g, as in (4).

As written, the algorithm has three parameters for each iteration: τ  and σ, which 
must satisfy τσ∥A∥2 ≤ 1 to guarantee convergence [13], and α, which is a relaxation 
parameter and typically takes values in (0, 2) [12]. Commonly, parameter values are 
held constant for all iterations. I.e., τk = τ , σk = σ, and αk = α for all k.

Line searches for primal–dual methods are difficult in general. The conditions for 
a standard line search, e.g., Armijo backtracking line search [17], cannot always be 
evaluated (e.g., when primal–dual methods are applied to problems where f or g are 
an indicator function). However, a line search for PDHG was introduced by Malitsky 
et al. in [1]; it is shown in Alg. 1.
Algorithm 1  PDHG line search [1]
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3.3  The relationship between PDDR and PDHG

The PDDR iterations (14) applied to the following modified problem of (17) yield the 
same iterations as PDHG applied to the original problem (5) [7]:

	
(x̂, ŷ) ∈ argmin

x∈X ,y∈Y
f̃(x, y) + g̃(x, y)� (17)

with modified functions

	 f̃(x, y) = f(x) + δ{0}(y), g̃(x, y) = g(Ax + By).

Here, δ{0} is an indicator function specifying that the argument is 0 and B is chosen 
to satisfy AA∗ + BB∗ = 1

θ I for some θ > 0. (Note that an indicator takes on a value 
of 0 when its argument satisfies its condition; otherwise, it takes on a value of ∞.) As 
an example, if A is an n × n matrix with 1

θ ≥ ∥A∥2
2, let B =

( 1
θ I − AA∗)1/2 where 

(·)1/2 is the Cholesky factorization. Defining these modified functions and apply-
ing the iterations of PDDR (14) to problem (17) yields the PDHG iterations of (16) 
[7]. In [7], the choice of θ is left to the user. The relationship between θ and the τ, σ 
parameters from PDHG is τσ = θ [7].

As can be seen in [7], the relationship between the variables of PDDR in (14) 
when applied to (17) and PDHG in (16) when applied to (5) is

	 yk = (xk − τkA∗zk, −τkB∗zk) .� (18)

This relationship is what allows us to tie the two existing line searches together. An 
iteration of PDHG is the same as one iteration of PDDR with the relationship above.

3.4  The averaged operator iteration line search

An averaged operator iteration (AOI) for a nonexpansive operator S is an iteration 
of the form

	 yk+1 = (1 − α)yk + αSyk = yk + α(Syk − yk).� (19)

All of the algorithms discussed in this section so far can be written as an AOI. The 
AOI form of Douglas-Rachford is given in (11) where S = RγGRγF . The AOI form 
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of PDDR is given in (15) with S = −R(γG)−1RγF . In both cases, S is nonexpansive 
as it is a composition of reflected resolvents, which are themselves nonexpansive [12, 
Proposition 4.4].

A line search for averaged operator iterations was introduced by Gisselson et al. in 
[8]. The pseudocode for the algorithm is presented in Alg. 2.
Algorithm 2  AOI line search [8]

AOI with line search requires the user to set a nominal step size ᾱ. This can be 
set to 1

2  to ensure the nominal step corresponds to a fixed-point iteration of a firmly 
nonexpansive operator. In order, the steps of Alg. 2 compute the current residual, 
compute the nominal next step with the nominal step size, and then the residual 
with the nominal step size. The line search then iterates over the possible values 
of αk in the final step. Either the step size selected is αk = ᾱ, the nominal step, or 
αk ∈ (ᾱ, αmax] is chosen such that

	 ∥rk+1∥2 = ∥Syk+1 − yk+1∥2 ≤ (1 − ε)∥r̄k∥2,� (20)

where ε > 0 and αmax > ᾱ are fixed algorithm parameters.
The AOI iterations of (19) can be interpreted as steps of length α in the direction 

of the residual Sxk − xk. Taking a large step in this direction may be beneficial and 
that is what this line search aims to accomplish. In practice, αmax is set much larger 
than ᾱ and progressively shrunk to test if a large step in the residual direction reduces 
the norm of the residual more than the nominal step.
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4  The line search

The connection between PDDR as an AOI has been shown and the relationship 
between the variables of PDDR and PDHG are presented in (18). The strategy of the 
proposed line search is as follows: use the AOI line search to find an advantageous 
relaxation parameter, where for each proposed relaxation parameter we convert the 
variables to those of PDHG and use the line search of Malitsky et al. to find proximal 
step sizes τ  and σ. We refer to these steps, respectively, as the “outer” and “inner” 
line searches, respectively.

We propose a relaxed primal–dual hybrid gradient method with line search, or 
rPDHG. With our proposed method, the outer AOI line search calls the inner PDHG 
line search at each step. Pseudocode for the Outer Line Search is shown in Alg. 3, 
and pseudocode for the Inner Line Search (which is equivalent to the Maltisky PDHG 
line search) is shown in Alg. 4.

The proposed line search inherits some parameters from the AOI and PDHG line 
searches. The β parameter is the ratio between the two proximal step sizes τk and σk

, which we leave as unity in experiments but include in the algorithm for complete-
ness. Numerical experiments have shown that a choice of β = 1 reliably leads to 
good convergence.
Algorithm 3  Relaxed PDHG with line search-outer line search
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Algorithm 4  Relaxed PDHG with line search-inner line search

4.1  Convergence

Convergence of the outer (AOI) line search is detailed in the original paper [8]. To 
briefly summarize, let k0 denote the number of times the outer line search activates 
(that is, chooses αk > ᾱ). If k0 is finite, let kmax denote the final iteration on which 
αk > ᾱ. For all k > kmax, the iteration is

	 yk+1 = yk + ᾱ (Skyk − yk) .

For ᾱ ∈ (0, 1) this corresponds exactly to an iteration of PDHG with Malitsky’s line 
search. As shown in [1, Lemma 1], this line search always terminates. Convergence 
is equivalent to convergence of PDHG with line search.

For each iteration k that αk > ᾱ the line search condition requires that (for 
ε ∈ (0, 1))

	 ∥rk+1∥ = ∥Skyk − yk∥ ≤ (1 − ε)∥r̄k∥ ≤ (1 − ε)∥rk∥,

which yields

	 ∥rk+1∥ ≤ (1 − ε)k0∥r0∥.

If k0 → ∞ as k → ∞, then ∥rk+1∥ → 0.
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4.2  Line search activation

Conducting the outer line search is computationally costly. If there were an inexpen-
sive test that could be run to determine whether or not line search would be benefi-
cial, then one could activate line search only in these instances to save time. In [8], 
Gisselson et al. suggest a test based on the displacement vectors of the trajectory: 
vk = yk − yk−1. They suggest activating the line search when vk is approximately 
aligned with vk+1; i.e., when the following is true

	
vT

k vk−1

∥vk∥2∥vk−1∥2
> 1 − ε̂

for some small ε̂ > 0.
We hypothesize that this heuristic was useful because the objective function of 

the problem in their experiments was a strongly-convex quadratic where the gradi-
ent becomes smaller quickly as one approaches the optimal point. The ℓ1 norm used 
as the objective function in our application does not have this property, and the line 
search was almost always activated.

Instead, we propose the following: the line search will be activated if either 1) 
it is the first iteration, 2) line search was activated in the previous iteration and αk 
did not equal ᾱ, or 3) ∥rk∥2/∥rk−1∥2 < 1 − ε̂ for some small ε̂ > 0. For the results 
presented in this manuscript, ε̂ = 0.05. In words, the third condition means that line 
search should be activated when the size of the residual for the current iteration is 
smaller than that of the previous iteration. We based this on (20), where we are using 
rk−1 as a surrogate for r̄k.

4.3  Limitations with matrix free implementations

The line search presented may not be suitable for every application. For example, in 
image processing applications, A may operate on n × n images, so A : Rn2 → Rn2

. 
For modestly sized n, this can quickly exceed memory limitations for standard com-
puters if A is stored in dense matrix form. Many of these operators work matrix-free, 
but finding a suitable B for the proposed line search may require storing B as a dense 
matrix where B is at least as large as A. An example of this phenomenon is shown in 
Sect. 5.3, where the image had to be scaled down so B could fit in memory.

For certain operators A, such as the discrete gradient operator (used in Sects. 5.2 
and 5.3), the operator itself is sparse. In such cases, large memory and performance 
gains are possible using numerical implementations of sparse matrices.

When A is matrix free, it may be possible to find a matrix-free implementation 
of B; an example is shown in Sect.  6. Alternatively, one may be able to evaluate 
B matrix-free for arbitrary A by using the Lanczos method [18], but it is unclear 
whether this would work in practice due to the tradeoff between accuracy and cost.
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5  Numerical experiments

We present numerical results for the following problems:

	● A generalized LASSO-style regularized least squares problem,
	● a one-dimensional (signal) total variation denoising problem,
	● a two-dimensional (image) total variation denoising problem, and
	● a novel magnetic resonance image (MRI) reconstruction problem using com-

pressed sensing.

For the numerical experiments, we compare the proposed line search against:

	● Standard PDHG iterations (16),
	● PDHG with the line search of Malitsky et al. as in Alg. 1,
	● PDDR applied to the modified problem using the AOI formulation and line search 

as in Alg. 2.

Extensive grid searches were conducted to choose the optimal parameters for these 
algorithms, used in the comparison to the proposed method. For the γ parameter of 
the AOI version of PDDR and the τ  parameter of PDHG, we used an evenly-spaced 
grid in log-space. For each parameter choice, the algorithm was run to completion 
and the parameter with the smallest final objective value was chosen. All numerical 
experiments were conducted on a desktop PC with an Intel Core i7-7700k CPU (4.20 
GHz) and 64 GB DDR4 RAM. The code was written and executed in MATLAB.

For all experiments, we set θ = (0.9)/(∥A∥2
2) and β = 1. Experiments have 

shown that the value of θ does not affect convergence so long as θ ≤ 1/∥A∥2
2 is 

satisfied. More accurately, the effect of θ is subsumed by other parameters in the line 
search so the specific value of θ does not have an observable effect. Experiments have 
also shown that so long as the value of β is not extreme – e.g., 10−3 < β < 103 – the 
specific value of β only modestly impacts convergence. A value of β = 1 has reliably 
given good convergence. An overview of the experiments concerning β and θ is in 
Sec. 5.4.

Grid search allowed us to find a set of parameters that yielded a best performing 
optimization for each problem. Effectively, the grid search provided an oracle that 
allowed us to compare how well the adaptive method converges to standard PDHG 
if an oracle had chosen the best parameters from the grid. Other methods for select-
ing hyperparameters, such as optimization step sizes or relaxation variables, include 
Nelder-Mead optimization, simulated annealing, Bayesian optimization, and succes-
sive halving [19]. The purpose of each of these methods is to reduce the computa-
tional cost of parameter selection while attaining a high-quality outcome; they are 
likely viable for many practical applications. Unfortunately, they are generally not 
guaranteed to achieve an optimal solution. Grid search, while computationally costly, 
chooses the best parameters on the selected grid. In order to compare the method pre-
sented in this manuscript to the best possible performance of PDHG, we compared to 
parameters chosen with grid search.
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5.1  LASSO

Consider the unconstrained generalized LASSO problem:

	
minimize

x∈Rn

1
2

∥x − b∥2
2 + λ∥Ax∥1.� (25)

Here A ∈ Rn×n, x ∈ Rn, and b ∈ Rn. We write f(x) = 1
2 ∥x − b∥2

2 and 
g(x) = λ∥x∥1. The elements of A and b are randomly generated from a standard 
normal distribution. The matrix B is chosen by setting θ = 0.9/∥A∥2

2 and solving for 
B from BB∗ = 1

θ I − AA∗ via Cholesky factorization. For the results presented, we 
set n = 1000. After searching over parameters, we compare the best convergence 
rate for each method. This is shown in Fig. 1. For rPDHG, however, we set β = 1 and 
chose a τ0 > 0, avoiding a costly parameter search.

5.2  1D-TV denoising

Consider the one-dimensional total variation denoising problem (cf. [20]). We add 
white noise to a piecewise-constant vector b of length n. We then solve the problem

	
minimize

x∈Rn

1
2

∥x − b∥2
2 + λ∥∇x∥1,

where λ > 0 is a chosen parameter and ∇ : Rn → Rn is the one-dimensional finite 
difference operator:

Fig. 1  A comparison of the objective values from the different optimization algorithms as they solve the 
regularized least squares problem in (25)
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∇xi =

{
|x1 − xn|, i = 1
|xi − xi−1|, i = 2, . . . , n.

The signal is created by specifying a number of segments numsegs and length of seg-
ments lensegs and letting n = numsegs ∗ lensegs. Then b is created by taking numsegs 
random integers z ∈ [−5, 5] and creating a step function from lensegs. White noise is 
then added to this to create the measurements b. For this experiment, we chose λ = 1.

Here f(x) = 1
2 ∥x − b∥2

2, g(x) = λ∥x∥1, and A is the finite difference opera-
tor ∇. Creating B for the line search requires first creating a matrix represen-
tation of A and then creating B by choosing θ < 1/∥A∥2 and solving for B from 
BB∗ = (1/θ)(I − AA∗), via Cholesky factorization. Figure  2 shows the ground 
truth and the noisy function. Figure 3 shows the objective values for each iteration 
of the four different algorithms along with the residuals of the final answer produced 
by the algorithms. For the three algorithms other than rPDHG, we performed a grid 
search for all parameters and identified the set of parameters that yielded the lowest 
objective value. For rPDHG, however, we simply set β0 = 1 and choose a τ0 > 0, 
avoiding a costly parameter search. In Fig. 3, the residual values are highest where 
there are discontinuities in the underlying function.

5.3  2D-TV denoising

The two-dimensional total variation denoising problem follows the standard ROF 
model [20, 21]:

	
minimize

x∈Rn

1
2

∥x − b∥2
2 + ∥∇x∥2,1.� (26)

Fig. 2  The ground truth and noisy signals used for the one-dimensional total variation denoising 
problem
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The experiments conducted for this manuscript used the cameraman.tif image in 
MATLAB. The image was read in as a 256 × 256 double and scaled so that its maxi-
mum value is 1. The image was then downsized to 77 × 77 pixels for memory con-
siderations. (As discussed previously in Sect. 4.3, for image processing tasks the B 
matrix can have a large memory footprint. Therefore, to run this example on a desk-
top computer the image was scaled down.) Noise was generated as a 77 × 77 matrix 
where the value of each element was drawn from a standard normal distribution and 
multiplied by 0.08. The original image and the noised image are shown in Fig. 4.

The discrete gradient operator ∇ is defined ∇ : Rn×m → Rn×m×2:

Fig. 4  The cameraman image used for the two-dimensional total variation denoising problem. On the 
right is the image with white noise added

 

Fig. 3  (Left) A comparison of the objective values of different algorithms solving the one-dimensional 
total variation denoising problem. The line search proposed in this manuscript converges with fewer 
iterations than either constituent line search alone. The objective value jumps often as different step 
sizes are chosen. The raw objective value for each step is shown for academic purposes; in practice, 
one would choose the best objective value so far. The PDHG line performs better than standard PDHG. 
The AOI line search alone converges to a poor solution. (Right) A comparison of the best answers gen-
erated by the different optimization algorithms after 1000 iterations, plotted as the residual
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∇x1

i,j =
{

xi+1,j − xi,j , i = 1, . . . , m − 1
x1,j − xn,j , i = m � (27)

	
∇x2

i,j =
{

xi,j+1 − xi,j , i = 1, . . . , n − 1
xi,n − xi,1, i = n. � (28)

The ℓ2,1 norm is defined as

	
∥∇x∥2,1 =

m∑
i=1

n∑
j=1

|(∇x1
i,j)2 + (∇x2

i,j)2|1/2.

Similar to the one-dimensional problem, the discrete gradient operator is our A 
operator for the minimization problem. To calculate B, we first turn A into a matrix 
from its matrix-free form and then choose θ < 1/∥A∥2 and solve for B from 
BB∗ = 1/θI − AA∗ via Cholesky factorization. A comparison of the objective val-
ues for the different algorithms used is in Fig. 5 (left). PDHG and the line search for 
the AOI formulation of PDDR converge slowly. The line search proposed in this 
manuscript and the Malitsky line search decrease both tend to fluctuate towards a 
solution, rather than decreasing monotonically. For a fixed number of iterations, 
rPDHG with line search has the lowest error. The final output of the proposed algo-
rithm is Fig. 5 (right).

The vibrations in the loss of rPDHG with line search as a function of iteration 
are a feature of the inner line search. The choice of τ  (step 2 in Alg. 4) influences 
how aggressive the vibrations are (data not shown). Heuristically, this allows the line 
search to explore the solution space around the previous iterate.

Fig. 5  (Left) A comparison of the objective values of the different optimization algorithms used for the 
two-dimensional total variation denoising problem. The AOI line search converged to a poor solution. 
The line search proposed in this manuscript took fewer iterations to converge to any given level of error 
and did not require searching over any parameters. The comparison against PDHG and PDHG with line 
search is done against their best sets of parameters. (Right) The final output of rPDHG, the line search 
proposed in this manuscript, solving the two dimensional TV denoising problem as in (26)
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5.4  Sensitivity to β and θ

To assess the robustness of the proposed line-search, we performed a sensitivity anal-
ysis with respect to its two user-facing scalar parameters, β and θ.

Recall that β > 0 is the ratio of the two proximal step sizes from PDHG, while 
θ > 0 is the constant in the relation

	
AA∗ + BB∗ = 1

θ
I.

In all previous experiments we used the default values β = 1 and θ = 0.9/∥A∥2
2; this 

subsection verifies that these choices are not critical.
We evaluated the 1D-TV denoising problem across a logarithmic range of β and 

θ values and display three representative cases in Fig. 6. For β we plot the low and 
high extremes {10−4, 104} along with the mid-range 100, and for θ we show the 
extremes {10−8/∥A∥2

2, 0.9/∥A∥2
2}. All intermediate values behaved similarly and 

are omitted for clarity.
As seen in Fig. 6, convergence is insensitive to orders-of-magnitude changes in 

either parameter. Thus the default pair (β, θ) = (1, 0.9/∥A∥2
2) is a robust and reli-

able choice, and we use it throughout our experiments.

6  Application to magnetic resonance imaging reconstruction

The motivating idea behind rPDHG with line search is an application to accelerated 
magnetic resonance imaging (MRI) reconstruction. We present a novel combination 
of acceleration methods, compressed sensing [23] and partial Fourier with homodyne 
detection [24]. This problem can be written in the form of (5).

Fig. 6  (Left) Sensitivity of β on the 1D-TV denoising problem. Varying β changes convergence only 
marginally. (Right) Sensitivity of θ on the same problem. The method is insensitive to θ as long as the 
required condition θ ≤ 1/∥A∥2

2 is satisfied
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6.1  MRI preliminaries

An MRI machine is a Fourier sensing device. An acquisition model for the data from 
the MRI machine b is

	 b = F {x} + noise � (29)

where F  represents the 2 dimensional Fourier transform, x is the subject being 
imaged, and there is additive noise in the acquisition process [25]. If a sufficiently 
large amount of data is collected to satisfy the Nyquist-Shannon sampling theorem 
independently in each direction, then the image can be reconstructed with an inverse 
Discrete Fourier Transform: x̂ = F −1 b.

The scan time of MRI is proportional to the number of samples acquired. Acquir-
ing a fully sampled grid takes a long time; to accelerate the acquisition, one can 
reduce the number of samples. That is, there is some data mask D (a matrix com-
prised of a subset of rows of the identity matrix) such that

	 b = D Fx + noise ∈ Cnmp,

where the data is acquired on an n × m Cartesian grid and p ∈ (0, 1] represents the 
undersampling factor corresponding to the number of rows of D.

Reconstructing the image given the acquired samples is then a noisy, underdeter-
mined inverse problem. Common approaches to solving this problem include com-
pressed sensing [26–28] and machine learning techniques [29, 30].

Matrix-free implementations of the algorithm and problem statement are desir-
able due to memory limitations and to take advantage of the Fast Fourier Transform. 
A parameter-free version of PDHG is also desirable so the MRI technologist does 
not have to set a parameter by hand which can prevent the reconstruction of a high-
quality image within a reasonable number of iterations.

6.2  Compressed sensing with homodyne detection

Compressed sensing incorporates the a priori knowledge that natural images are 
approximately sparse after an appropriate linear transformation (e.g., a discrete Wave-
let transform ) to reconstruct high-quality images from fewer samples than those that 
would be required by the Nyquist-Shannon sampling theorem [23, 27]. Partial Fou-
rier reconstruction incorporates the fact that the Fourier transform of a real image is 
Hermitian symmetric into the reconstruction process [31, 32]. Though MR images 
are not generally real due to variances in the B0 magnetic field and non-linearities 
in the B1 magnetic field, the phase is almost all low-bandwidth. Partial Fourier with 
homodyne detection takes advantage of this fact [24] by estimating the phase from a 
low-pass filtered version of the image. Once estimated, phase correction makes the 
data real and the assumptions of partial Fourier reconstruction are satisfied.

Partial Fourier sampling collects data with a sampling pattern consisting of the top 
ν portion, where ν > 0.5. Common values of ν or ν = 5/8 and ν = 9/16. Homodyne 
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detection uses a low-pass filtered version of the image to estimate the phase, Φ. Once 
the phase is estimated, the image is reconstructed with homodyne detection using

	 x = PΦ b = Re
[
Φ F −1 R b

]
,

where R is a weighting ramp that smoothly transitions from 2 to 0, 
Φ = exp (−i angle(Ms)), Ms = F −1 L b, and L is a low-pass rectangular filter [33].

The crucial realization is that once the phase Φ is estimated, the PΦ operator—
which implements reconstruction with homodyne detection—is a linear transforma-
tion with a computationally efficient adjoint. This allows us to combine the phase 
estimate Φ into a compressed sensing image reconstruction as the following optimi-
zation problem:

	
minimize

ξ
∥Ψ PΦ ξ∥1 subject to ∥D F ξ − b∥2 ≤ ϵ,

where ξ is a vector of the top ν Fourier values for the reconstructed image, Ψ is a 
sparsifying transformation, and ε > 0 is a noise bound. We write this as an uncon-
strained problem by using an indicator function to enforce data consistency:

	
ξ⋆ ∈ argmin

ξ
I (M ξ ∈ Bε[b]) + ∥ΨPΦ ξ∥1,� (30)

where I is an indicator function that requires the Fourier values ξ at the measured spa-
tial frequencies, specified by sampling mask D, to be within an ε ball of the collected 
data b. Setting ε = 0 enforces data consistency completely. The second term contains 
the sparsifying transform Ψ and the homodyne operator PΦ. By letting A = ΨPΦ
, f(ξ) = I (M ξ ∈ Bε[b]) and g(ξ) = ∥ΨPΦ ξ∥1, we see that this problem is of the 
form (5) so we solve it via rPDHG with line search. Once f⋆ is determined by solving 
(30), the image is reconstructed according to x⋆ = PΦξ⋆. Four our experiments, Ψ 
was the Daubechies-4 discrete wavelet transform [34].

6.2.1  Matrix-free implementation

For memory efficiency, we write A = ΨPΦ in its full, matrix-form implementation:

	 A = Ψ ◦ Re ◦ Φ ◦ F −1 ◦ R ◦ D∗.� (31)

Here D∗ : Cnmp → Cn×m is a zero-filling operator. The linear transformation 
D selects only the indices at which data was collected (non-zero in the sampling 
mask) so D∗ returns a zero-filled full-sized image. The linear transformation 
R : Cn×m → Cn×m applies a weighting matrix, F : Cn×m → Cn×m is the two 
dimensional discrete Fourier transform, Φ : Cn×m → Cn×m applies the phase 
estimate. Re : Cn×m → Rn×m takes the real part, and Ψ : Rn×m → Rn×m is the 
orthogonal discrete wavelet transform.
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If A were implemented as a matrix, we could choose θ < 1/∥A∥2 and let 
B =

( 1
θ I − AA∗)1/2, where (·)1/2 indicates the Cholesky factorization of a matrix. 

In this case, 1
θ I − AA∗ is symmetric and positive definite and the Cholesky factoriza-

tion is well-defined. However, for this application, the implementation of A is matrix-
free—we write it out in the form of (31) for analysis. Note that AA∗ = ΨPΦP ∗

ΦΨ∗ 
is not equal to a scaled identity. Therefore, to use the line search presented above for 
an image of reasonable size we need a matrix-free implementation of B such that 
AA∗ + BB∗ = 1

θ I.

Let B be defined as B = Ψ ◦ Re ◦ Φ ◦ F −1 ◦ R ◦ Q, where Q : Cn×m → Cn×m 
is defined as 

( 1
θ I − RD∗DR

)1/2. The operator RD∗DR : Cn×m → Cn×m is sym-
metric so Q is the symmetric square root. In practice, this square root is cheap to 
compute as the matrix is diagonal. This form of B was found by writing A in matrix 
form as in (31), forming AA∗ and setting BB∗ = (1/θ)(I − AA∗). Note that R is 
symmetric. Similar to above, we write B out in its matrix form to aid in analysis, but 
B has a natural matrix-free implementation. With this definition of B, and understand-
ing that we are using unitary Fourier and wavelet transformations, we can apply the 
primal–dual form of Douglas-Rachford to the problem (17) and recover the PDHG 
iterations.

6.3  Results

We first compare our proposed line search method against standard PDHG and 
PDHG with line search [1]. A variable density sampling mask with a sampling bur-
den of 0.3 is chosen. This corresponds to Fig. 7B. Intersecting with the partial Fourier 
mask of Fig. 7A to get Fig. 7C yields an effective sampling burden of approximately 
0.17. (I.e., the number of samples of the reduced sampling pattern divided by those 
required to satisfy the Nyquist-Shannon sampling theorem was approximately 0.17.) 
We solve the problem (30) using each method with the same sampling mask. Each 
method is run for 4000 iterations and the images from multiple coils are combined 

Fig. 7  Sampling masks for three different methods of acceleration, where white indicates collected 
samples. A) is the sampling mask associated with partial Fourier sampling, where the entire top half 
plus some number of lines around the origin are collected. B) is the sampling mask associated with 
compressed sensing using a variable density Poisson disc sampling mask [22]. C) is the sampling mask 
for the novel combination of partial Fourier and compressed sensing reconstruction presented in this 
manuscript. It is the intersection of masks A) and B)
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into a single image using the method of Roemer [35]. Comparing the reconstructions 
on ankle data in Fig. 8 center and right shows that the proposed line search yields 
the same quality reconstruction without a lengthy parameter search. The difference 
images show that the primary differences are down in the fine structure near the toes 
and along other areas where the phase is changing rapidly.

Figure  9 is an example using brain data with the same undersampling pattern 
applied. On the right is the reconstruction using standard PDHG. In the center is the 
novel combination of compressed sensing with homodyne detection using the line 
search presented in this paper. Similar to the ankle data, the same quality reconstruc-
tion is achieved without a parameter search.

A comparison of the objective values for reconstruction of the ankle data with 
and without the line search is presented in Fig. 10. Let fo be the objective function 
the algorithm is minimizing (e.g. (30)). For these plots, let x⋆ be the optimal point 
obtained after letting the algorithm run for ten thousand iterations. The objective 
value plotted in Fig. 10 is fo(x) − fo(x⋆), or the difference between the current itera-
tion and optimal. As mentioned previously, there is no guarantee that each iterate is 
feasible. To calculate the objective value we first use the proximal operator of the 
indicator function for the constraint to make sure the iterate is feasible and then cal-
culate the objective value. The data was run with three different methods: standard 

Fig. 8  Comparison of a fully-sampled reconstruction of a sagittal slice of an ankle to two methods of 
reconstruction from data undersampled according to sampling mask Fig. 7C. (Center) Reconstruction 
of the undersampled ankle data using the formulation of the problem in (30), solved with the line 
search presented in this manuscript. (Right) This reconstruction was made using the formulation of the 
problem in (30), solved with the PDHG method. Bottom row shows 4 times the magnitude difference 
between the accelerated reconstructions and the fully-sampled reconstruction
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Fig. 10  Objective value plots for the reconstruction of the same ankle data as Fig. 8 (left) and the brain 
data as in Fig. 9 (right). This compares the performance of rPDHG algorithm with standard PDHG, 
PDHG with Malitsky’s line search, and the averaged operator iteration line search applied to primal–
dual Douglas Rachford. Over time, the line search finds a better solution. The line search jumps in 
objective value a lot as it chooses different step sizes. The objective value at each iteration is shown for 
academic purposes, though in practice at each iteration the best so far would be chosen

 

Fig. 9  Comparison of a fully-sampled reconstruction of an axial slice of a brain to reconstruction from 
data undersampled according to sampling mask Fig. 7C. (Center) Reconstruction of the undersampled 
ankle data using the formulation of the problem in (30), solved with the line search presented in this 
manuscript. (Right) Reconstruction of the undersampled ankle data using the formulation of the prob-
lem in (30), solved with the standard PDHG method given in (16). Bottom row shows 4 times the 
magnitude difference between the accelerated reconstructions and the fully-sampled reconstruction. 
The reconstruction using the new line search shows the same quality reconstruction without requiring 
a lengthy parameter search
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PDHG without the line search, PDHG with the Malitsky line search, and relaxed 
PDHG with the line search and the activation criterion discussed in Sec. 4.2. The 
objective of the relaxed PDHG algorithm jumps as different step sizes are accepted 
and converges to a solution better than the PDHG algorithm. The objective values 
for all iterations are shown for academic purposes; in practice, at any iteration, the 
result with the best objective value so far would be chosen. The best PDHG run is 
shown after a lengthy parameter search. The rPDHG run requires no such parameter 
search. Table 1 is an example of the timing difference given the parameter search. 
The time to 1000 iterations is longer for rPDHG but the time to find the correct set 
of parameters is zero.

On average, the run time per iteration of rPDHG with line search is approximately 
10× that of PDHG. However, as shown in Table 1, the benefits of rPDHG with line 
search are that it avoids a search of parameter values. Note that the inner line search 
over the step sizes is pleasingly parallelizable; additional processing cores permit a 
search over a larger number of line search parameter values without incurring addi-
tional processing time.

7  Conclusion

A line search for the primal–dual hybrid gradient method was proposed. Motivated by 
the connection between the Douglas-Rachford algorithm and the primal–dual hybrid 
gradient method, this line search expresses PDHG as an averaged operator iteration. 
An existing line search for averaged operator iterations is then applied to the relax-
ation parameter. This is combined with an existing line search over the proximal step 
sizes in PDHG. This new combination of line searches is essentially parameter free, 
allowing for quality solutions without a lengthy parameter search. Several numerical 
examples are demonstrated showing the convergence performance. The efficacy of 
the line search is presented on a novel combination of magnetic resonance imaging 
reconstruction techniques.

Appendix A: Computation of B for the MRI problem

For the compressed sensing with homodyne reconstruction problem, A is given as

Table 1  An example of the total timing difference between the other algorithms tested and rPDHG with 
line search (wLS) given the need for a parameter search for other algorithms
Algorithm Time of 1000 Iterations (s) Time of Parameter Search (s) Total time (s)
PDHG 38.44 653.53 691.97
PDHG wLS 98.37 1672.29 1770.66
AOI wLS 86.67 1473.39 1560.06
rPDHG wLS 417.8 0 417.8
The time to 1000 iterations given a set of parameters is longer for rPDHG with line search, but the total 
time is less
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	 A = Ψ ◦ Re ◦ Φ ◦ F −1 ◦ R ◦ D∗.� (28)

To use relaxed PDHG with line search, we need a B such that AA∗ + BB∗ = 1
θ I for 

some θ > 0. From (28), we need

	

(
Ψ ◦ Re ◦ Φ ◦ F −1 ◦ R ◦ D∗)

◦
(
Ψ ◦ Re ◦ Φ ◦ F −1 ◦ R ◦ D∗)∗ + BB∗ = 1

θ
I

(
Ψ ◦ Re ◦ Φ ◦ F −1 ◦ R ◦ D∗)

◦
(
D ◦ R∗ ◦ (F −1)∗ ◦ Φ∗ ◦ Re∗ ◦ Ψ∗)

+ BB∗ = 1
θ

I.
�(29)

If we write B = Ψ ◦ Re ◦ Φ ◦ F −1 ◦ Q for unknown Q, we can write (29) as

	

(
Ψ ◦ Re ◦ Φ ◦ F −1 ◦ R ◦ D∗)

︸ ︷︷ ︸
A

◦
(
D ◦ R∗ ◦ (F −1)∗ ◦ Φ∗ ◦ Re∗ ◦ Ψ∗)

︸ ︷︷ ︸
A∗

+
(
Ψ ◦ Re ◦ Φ ◦ F −1 ◦ Q

)
︸ ︷︷ ︸

B

◦
(
Q∗ ◦ (F −1)∗ ◦ Φ∗ ◦ Re∗ ◦ Ψ∗)

︸ ︷︷ ︸
B∗

= 1
θ

I.

Factoring out the similar terms yields

	
(
Ψ ◦ Re ◦ Φ ◦ F −1)

◦ (RD∗DR∗ + QQ∗) ◦
(
(F −1)∗ ◦ Φ∗ ◦ Re∗ ◦ Ψ∗)

= 1
θ

I.�(30)

We are using the unitary Fourier transform F and orthogonal wavelet transform Ψ
. The phase estimate Φ is unitary—it is a diagonal matrix of unit complex expo-
nentials. The transpose of the Re operator is Re∗ : Rn×m → Cn×m and maps 
a → a + 0i, so Re ◦ Re∗ : Rn×m → Rn×m is the identity operator. Therefore if 
RD∗DR∗ + QQ∗ = 1

θ I then (30) is satisfied. Noting that R is Hermitian, this con-
dition becomes

	
QQ∗ = 1

θ
I − RD∗DR.� (31)

The matrix 1
θ I − RD∗DR is diagonal so taking a symmetric square root is compu-

tationally efficient.
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